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SET #3 - Discrete Time Systems
e (ategorization of Discrete Time Systems
e System Description with Convolutional Sum

e Study of Systems with the Method of Convolution

1. Categorization of Discrete Time Systems
Example 1

Examine whether the following systems are time shift invariant.
n N

@ Y= ) kI ® Y ayln—kl= ) buxln—m]
m=0

k=—0o0 k=0

(@) From the input-output relationship and considering that n — oo, we find the time
shifted response:

yin=nol= > xlk=nol= > xlk—n]
k=—0o0 k=—o0

The response of the system to the time-shifted input x'[n] = x[n — ng], is:

y'[nl = i x'[k] = i x[k —mno]
k=—o0 k=—o

Because y'[n] = y[n — ng] the system is time-shift invariant.

(b) The shifted response by n, is:
N

M
yln—nol = Y agyln—no =kl = > byxln—no—m]

k=0 m=0

The response of the system to the shifted input x'[n] = x[n — ng], is:
N M M
vl =) ayln—kl= Y bpln—ml= ) byxln—n—m]
k=0 m=0 m=0

Because y'[n] = y[n — ng] the system is time-shift invariant.



L Example 2

Examine whether the discrete-time system is linear with an input-output relation-
ship:
N

Z ayyln—k] = i bpx[n —m]
m=0

k=0

Answer: For inputs x, [n]and x,[n] the corresponding outputs T{x, [n]} and T{x,[n]}are:

N
yilnl = T nl} = ) ayln - Z by —m]
k=0
N
yalnl = TCenl} = ) @y y,ln - Z bzl = m]
k=0
For the combined entry x[n] = ax,[n] + Bx,[n] applies:
N M M
S st - zbmx 1= 3" b - 4 s 1)
k=0 m=0 m=0
The combined output y[n] = ay,[n] + By, [n] of the system are:
N M
a ) ayln =kl +ﬁZakyz =kl =a ) bpnln—ml+ ) buxsfn—m]=
k=0 k=0 m=0 m=0
N M
> aaeyiln -kl + Z Bayy2ln - k] = Z @by [n—m] + Z Bbus[n —m] =
k=0 k=0 =0 m=0
N N
> i (@ysfn— k1 + By, Z m (@xs = ] + iy = KI) (2)
k=0 k=0

Since the second members of equations (1) and (2) are equal, it follows that the first mem-
bers are also equal, i.e.:

N N

> aeyin—kl =) a (@yln =kl + By,ln— kD

k=0 k=0

Because the output for combined input equals the combined output, the system is linear.

L) Example 3
Check if the system is linear with the following input-output relationship:
+00
ylnl = ) x[k] x[n +K]
k=—co

Answer: We observe that it is y[n] formed by the sum of its products x[n] with shifted
versions of itself. E.g.:



k=—o0 k=—o0

The squared term is expected to make the system non-linear. We use an example:
o I[fx[n] = §[n], then y[n] = §[n].
o Ifx[n] = 28[n], then y[n] = 45[n].

Therefore, the system is not homogeneous. Therefore it is not linear either, because ho-
mogeneity is a condition of linearity.

L) Example 4

Examine whether the system is stable with an input-output relationship:

Answer: To judge the stability of the system we will set a blocked input and examine if the
output is also blocked (BIBO stability). If the input is blocked, that is |x[n]| < A < oo, then

the measure of the output is:
n n
< Z x[k]| < Z A

k=—oc k=—o0

n

Z x[k]

k=—o0

ly[n]l =

This sum tends to infinity for n — co. Therefore, the outlet is not blocked so the system is
not BIBO-stable.

2. Description of a System using the Convolutional Sum
L) Example 5

Find the impulse response of an LSI and causal system when for input x[n] = u[n] the
system produces output y[n] = §[n].

We solve for h[n] and we find:

1 N-1
MM=HaPM—gkmmm—4

This process is called deconvolution and offers a recursive way to calculate the shock re-
sponse through the following steps for various values of n:

1
n =0,h[0] = 0] [v[0]]

n =LA = o [y[1] = ALOJ<[1]]



We apply for the given input and output functions and get:
1

n=0,h[0] = i) [6[0]] =1
n=1nh[1] = 1 [6[1] — R[0Ju[1]] = (0 —1) = -1
u[0]
n=2h[2] = ﬁ [6[2] — h[0Ju[2] — R[1]u[1]] = (0—-1+1) =0
n=3,h[3] = L 6[3] — h[0]u[3] — A[1]u[2] — R[2]u[1][=(0—-14+1-0)=0
| ]

More generally, the solution is h[n] = §[n] + 6[n — 1]

3. Study of Systems using Convolution

L Example 6

Calculate the convolution between x[n] = (0.9)"u[n] and h[n] = nu[n].

Answer: Convolution is:

+0oo +00
yinl= ) xlklhln—kl= > {(0.9)* ulk]} {In - k] uln - kI}
k=—o0 k=—o0
Since u[k] = 0 yia k < 0 and u[n — k] = 0 yuiax k > n, we have:
n n n
yinl =Y [n— k](0.9)F = nz(os)k - Z k(0.9)% yia 1 = 0
k=0 k=0 k=0
Using the formulas:
N-1 N N
@ = 1—-a
n=0
= . (N=1a"*'—Na" +a
na® =
(1-a)?
n=0
we get:
1-(0.9)"1 n(0.9)"2 —[n+ 1](0.9)"*1 + 0.9
yln] = -

1-09 [1—09]2
= 10n{1 — (0.9)"*1} — 100{n(0.9)"*2 — [n + 1](0.9)"*1 + 0.9} n = 0

= {10n — 90 + 90(0.9)"} u[n]




L Example 7

Calculate the convolution between signals x[n] = {1,—2,0,3,—1} and h[n] = {2,3,0,1}
using the Toeplitz table method.

Answer: The signal x[n] is of finite duration in the space [0, 4] of length L, = 5, while the
signal h[n] is of finite duration in the space [—1, 2] of length L; = 4. Therefore, the con-
volution is of finite length in the time interval [0 + (—1),4 + 2] = [—1, 6] and has a length
equalto Ly, =Ly + L, —1=5+4—1=8samples.

B
-2
The vector x has dimensions [L,, 1] = [5,1] and are: x =| 0
3
-1
1200007
32000
03200
i ; — 7110320
The Table H has dimensions [L,,L,] = [8,5] and are: H = 01032
00103
00010
L0000 14
We calculate the vector yT:
200007 ‘21‘
32000 -
13200 [_12] -6
T _ T_121320 17
y =Hx = 02132|g|— |5
00213 ° | _3
00021 3
100002 |4

Therefore the convolution is:

y[n] ={2,-1,-6,7,5,-3,3,-1}



