
1 Trigwnometrikec Sunarthseic

1. Olec oi idiothtec twn trigwnometrikwn sunarthsewn mporoun na apodeiqtoun apo ton
parakatw tupo

eix = cos x + i sin x

o opoioc ja apodeiqtei sto Kef. 15.

2. Apo ton parapanw tupo apodeiknuontai kai oi

cos x =
eix + e−ix

2

sin x =
eix − e−ix

2i
.

2 Antistrofec Trigwnometrikec Sunarthseic

1. Oi antistrofec trigwnometrikec sunarthseic orizontai wc exhc.

arcsin(x) = y ⇔ x = sin(y)

arccos(x) = y ⇔ x = cos(y)

arccos(x) = y ⇔ x = tan(y)

arccot(x) = y ⇔ x = cot(y)

arcsec(x) = y ⇔ x = sec(y)

arccsc(x) = y ⇔ x = csc(y).
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3 Uperbolikec Sunarthseic

1. Oi uperbolikec sunarthseic orizontai wc exhc.

uperboliko hmitono : sinh(x) =
ex − e−x

2

uperboliko sunhmitono : cosh(x) =
ex + e−x

2

uperbolikh efaptomenh : tanh(x) =
ex − e−x

ex + e−x

uperbolikh sunefaptomenh : coth(x) =
ex + e−x

ex − e−x

uperbolikh temnousa : sec h(x) =
2

ex + e−x

uperbolikh suntemnousa : csc h(x) =
2

ex − e−x
.

4 Antistrofec Uperbolikec Sunarthseic

1. Oi antistrofec uperbolikec sunarthseic orizontai wc exhc.

arcsin h(x) = y ⇔ x = sinh(y)

arccos h(x) = y ⇔ x = cosh(y)

arctan h(x) = y ⇔ x = tanh(y)

arccot h(x) = y ⇔ x = coth(y)

arcsec h(x) = y ⇔ x = sec h(y)

arccsc h(x) = y ⇔ x = csc h(y).

2. Isquoun kai ta exhc

arcsin h(x) = ln
(
x +

√
x2 + 1

)
, −∞ < x < ∞ (1)

arccos h(x) = ln
(
x +

√
x2 − 1

)
, 1 ≤ x (2)

arctan h(x) =
1

2
ln

(
1 + x

1− x

)
, − 1 < x < 1 (3)

arccot h(x) =
1

2
ln

(
x + 1

x− 1

)
, x > 1 h x < −1 (4)

arcsec h(x) = ln

(
1

x
+

√
1− x2

x

)
, 0 < x ≤ 1 (5)

arccsc h(x) = ln

(
1

x
+

√
1 + x2

|x|

)
, x 6= 0. (6)
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5 Aorista Oloklhrwmata kai Oloklhrwsh me Antikatas-

tash

5.1 Orismoi kai Idiothtec

1. Estw duo sunarthseic f(x) kai F (x). An isquei

F ′(x) = f(x) (7)

tote leme oti h sunarthsh F (x) einai ena aoristo oloklhrwma thc sunarthshc f(x) kai
grafoume

F (x) =

∫
f(x)dx. (8)

2. Qrhsimopoioume isodunama kai tic ekfraseic “h F (x) einai paragousa thc f(x)” kai “h F (x)
einai antiparagwgoc thc f(x)”

3. To aoristo oloklhrwma eqei tic exhc idiothtec

(aþ)
∫

c · f(x)dx = c ·
∫

f(x)dx.

(bþ)
∫

(f(x) + g(x)) dx =
∫

f(x)dx +
∫

g(x)dx.

(gþ)
∫

f(u(x))u′(x)dx =
∫

f(u)du.

5.2 Basika Oloklhrwmata

1. Ta parakatw aorista oloklhrwmata einai “basika”.

:

∫
1dx = x

:

∫
xmdx =

xm+1

m + 1
(m 6= −1)

:

∫
1

x
dx = ln |x|

:

∫
exdx = ex

:

∫
sin(x)dx = − cos(x)

:

∫
cos(x)dx = sin(x)

:

∫
tan(x)dx = − ln |cos(x)|

:

∫
sinh(x)dx = cosh x

:

∫
cosh(x)dx = sinh x

:

∫
tanh(x)dx = ln |cosh(x)|
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2. Alla shmantika oloklhrwmata einai ta exhc:

:

∫
1

cos(x)
dx = ln

∣∣∣∣1 + sin x

cos x

∣∣∣∣
:

∫
1

sin(x)
dx = ln

∣∣∣∣1− cos x

sin x

∣∣∣∣
:

∫
1√

a2 − x2
dx = arcsin(

x

a
)

:

∫
1

a2 + x2
dx =

1

a
arctan(

x

a
)

:

∫
1

x2 − a2
dx =

1

2a
ln

∣∣∣∣x− a

x + a

∣∣∣∣
:

∫
1

a2 − x2
dx =

1

2a
ln

∣∣∣∣a + x

a− x

∣∣∣∣
:

∫
1√

x2 − a2
dx = arccos h(

x

a
) + c = ln

∣∣∣x +
√

x2 − a2

∣∣∣
:

∫
1√

a2 + x2
dx = arcsin h(

x

a
) + c = ln

∣∣∣x +
√

x2 + a2

∣∣∣
:

∫ √
a2 − x2dx =

1

2
x
√

a2 − x2 +
a2

2
arcsin

(x

a

)
:

∫ √
a2 + x2dx =

1

2
x
√

a2 + x2 +
a2

2
arcsin h

(x

a

)
:

∫ √
x2 − a2dx =

1

2
x
√

x2 − a2 − a2

2
arccos h

(x

a

)
:

∫ √
a2 + x2dx =

1

2
x
√

a2 + x2 +
a2

2
ln
∣∣∣x +

√
x2 + a2

∣∣∣
:

∫ √
x2 − a2dx =

1

2
x
√

x2 − a2 − a2

2
ln
∣∣∣x +

√
x2 − a2

∣∣∣
5.3 Oloklhrwsh me Antikatastash

1. Polla oloklhrwmata upologizontai qrhsimopoiwntac thn tautothta
∫

f(u(x))u′(x)dx =∫
f(u)du. Auth h mejodoc legetai oloklhrwsh me antikatastash.

2. Merikec qrhsimec antikatastaseic einai oi exhc.

(aþ) Gia morfh
√

a2 + b2x2 qrhsimopoiw x = a
b
tan(u) kai pairnw a

√
1 + tan2(u) = a

cos(u)
.

(bþ) Gia morfh
√

a2 − b2x2 qrhsimopoiw x = a
b
sin(u) kai pairnw a

√
1− sin2(z) = a cos(u).

(gþ) Gia morfh
√

b2x2 − a2 qrhsimopoiw x = a
b

1
cos(u)

kai pairnw a
√

1
sin2(u)

− 1 = a tan(u).

(dþ) Gia morfh
√

b2x2 − a2 qrhsimopoiw x = a
b
cosh(u) kai pairnw a

√
cosh2(u)− 1 =

a sinh(u).
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6 Oloklhrwsh kata Paragontec

1. H oloklhrwsh kata paragontec basizetai sthn exhc parathrhsh: an f(x) kai g(x) einai
sunarthseic, tote

(f(x)g(x))′ = f ′(x)g(x) + f(x)g′(x) ⇒∫
(f(x)g(x))′ dx =

∫
f ′(x)g(x)dx +

∫
f(x)g′(x)dx ⇒∫

f ′(x)g(x)dx = f(x)g(x)−
∫

f(x)g′(x)dx.

2. Merika basika oloklhrwmata pou upologizontai me oloklhrwsh kata paragontec einai ta
exhc.

(aþ)
∫

x cos xdx = cos x + x sin x.

(bþ)
∫

x sin xdx = sin x− x cos x.

(gþ)
∫

xexdx = xex − ex.
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7 Oloklhrwsh me Anaptuxh se Stoiqeiwdh Klasmata

7.1 Oloklhrwsh Stoiqeiwdwn Klasmatwn

1. Me ton oro “stoiqeiwdec klasma” ennooume opoiodhpote apo ta parakatw

A

x− x0

,
A

(x− x0)
2 , ... (9)

A

ax2 + bx + c
,

A

(ax2 + bx + c)2 , ... (10)

Ax + b

ax2 + bx + c
,

Ax + b

(ax2 + bx + c)2 , .... (11)

Prososh: Otan stic (10) kai (11) b2 − 4ac ≥ 0 anagomaste sthn (9). Ara mac endiaferei
h periptwsh b2 − 4ac < 0 .

2. Mporoume na upologisoume to oloklhrwma kaje stoiqeiwdouc klasmatoc. Dinoume merika
paradeigmata (parakatw jetoume E =

√
4ac− b2):

:

∫
A

x− x0

dx = A ln |x− x1|

:

∫
A

(x− x0)
2dx = − A

x− x0

:

∫
A

ax2 + bx + c
dx =

2A

E
arctan

2ax + b

E

:

∫
A

(ax2 + bx + c)2dx =
A (2ax + b)

E2 (ax2 + bx + c)
+

4Aa

E3
arctan

2ax + b

E

:

∫
Ax + B

ax2 + bx + c
dx =

A

2a
ln
(
ax2 + bx + c

)
+

2B

E

(
arctan

2ax + b

E

)
− A

E
· b

a

(
arctan

2ax + b

E

)
3. An ta P (x) kai Q(x) einai poluwnuma, h sunarthsh f(x) = P (x)

Q(x)
legetai rhth.

4. Opwc ja doume sto epomeno edagio, mporoume na upologisoume to olklhrwma kaje rhthc
sunarthshc me anagwgh authc se ajroisma stoiqeiwdwn klasmatwn.

7.2 Anaptuxh Rhtwn Sunarthsewn se Ajroisma Stoiqeiwdwn Klas-

matwn

1. Ac upojesoume oti sthn rhth sunarthsh P (x)/Q(x) o bajmoc tou P (x) einai mikroteroc
apo ton bajmo tou Q(x). Estw mia riza x0 tou Q(x). Diakrinoume tic exhc periptwseic.

(aþ) An h riza einai pragmatikh kai aplh, tote sthn anaptuxh thc P (x)/Q(x) ja emfanizetai
ena klasma thc morfhc

A

x− x0

.

(bþ) An h riza einai pragmatikh kai pollaplothtac n, tote sthn anaptuxh thc P (x)/Q(x)
ja emfanizontai n klasmata thc morfhc

A1

x− x0

,
A2

(x− x0)
2 , ...,

An

(x− x0)
n .
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(gþ) An h riza x0 einai migadikh kai aplh, tote h suzughc x0 einai epishc riza tou Q(x)
kai to ginomeno (x − x0)(x − x0) ja isoutai me ax2 + bx + c opou ta a, b, c ja einai
pragmatikoi arijmoi. Sthn anaptuxh thc P (x)/Q(x) ja emfanizetai ena klasma thc
morfhc

Ax + B

ax2 + bx + c
.

(dþ) Teloc, an h riza x0 einai migadikh kai pollaplothtac n, sthn anaptuxh thc P (x)/Q(x)
ja emfanizetai n klasmata thc morfhc

Ax + B

ax2 + bx + c
,

Ax + B

(ax2 + bx + c)2 , ...,
Ax + B

(ax2 + bx + c)n

2. Eqoume dwsei sto prohgoumeno edafio ta oloklhrwmata twn parapanw stoiqeiwdwn klas-
matwn. Etsi, opoiadhpote rhth sunarthsh f (x) me bajmo tou P (x) mikrotero apo auto
tou Q (x) mporei na oloklhrwjei me anaptuxh se stoiqeiwdh klasmata.

3. An o bajmoc tou P (x) einai megaluteroc tou bajmou tou Q(x), me poluwnumikh diairesh
pairnoume

f(x) = P1(x) +
P2(x)

Q(x)

opou ta P1 (x), P2 (x) einai poluwnuma kai o bajmoc tou P2 (x) mikroteroc apo auto tou
Q (x). Etsi mporoume kai pali na oloklhrwsoume thn f (x).
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8 Orismena Oloklhrwmata kai Embadon

1. Estw mia suneqhc jetikh sunarthsh f(x) orismenh sto R. Epilegw ena stajero arijmo a
kai orizw (gia z ≥ a) thn sunarthsh embadou F (z) na einai to embadon metaxu twn eujeiwn
x = a, x = z, tou axona twn x kai thc kampulhc pou orizetai apo thn f(x).

2. Gia thn sunarthsh embadou F (x) isquei: F ′(x) = f(x).

3. Estw sunarthsh f(x) orismenh sto diasthma X ⊆ R. Gia kaje zeugoc arijmwn a, b ∈ X, to
orismeno olklhrwma (“sunarthsh embadou”) thc f(x) sumbolizetai wc

∫ b

a
f(x) kai orizetai

wc exhc: ∫ b

a

f(x) = F (b)− F (a)

opou F (x) einai opoiadhpote sunarthsh ikanopoiei F ′(x) = f(x).

4. To orismeno olol\klhrwma eqei tic exhc idiothtec:

(aþ)
∫ b

a
c · f(x)dx = c ·

∫ b

a
f(x)dx

(bþ)
∫ b

a
(f(x) + g(x)) dx =

∫ b

a
f(x)dx +

∫ b

a
g(x)dx

(gþ)
∫ b

a
f(x) +

∫ c

b
f(x) =

∫ c

a
f(x)dx

(dþ) (∀x ∈ [a, b] : 0 ≤ f(x)) ⇒ 0 ≤
∫ b

a
f(x)dx

(eþ) (∀x ∈ [a, b] : g(x) ≤ f(x)) ⇒
∫ b

a
g(x)d ≤

∫ b

a
f(x)dx

(�þ) (∀x ∈ [a, b] : A ≤ f(x) ≤ B) ⇒ A · (b− a) ≤
∫ b

a
f(x)dx ≤ B · (b− a)

(zþ) ∃x0 ∈ [a, b] : f(x0) =
∫ b

a f(x)dx

b−a
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9 Genikeumena Oloklhrwmata

1. Genikeumena Oloklhrwmata 1ou tupou einai auta opou ena h kai ta duo oria oloklhrwshc
einai apeira.

(aþ) otan to a = −∞ kai to b < ∞ orizoume
∫ b

a
f(x)dx = limu→−∞

∫ b

u
f(x)dx.

(bþ) otan to −∞ < a kai to b = ∞ orizoume
∫ b

a
f(x)dx = limu→∞

∫ u

a
f(x)dx.

(gþ) otan to a = −∞ kai to b = ∞ tote qreiazetai prosoqh, dioti mporei na eqoume

lim
u→−∞

lim
w→∞

∫ w

u

f(x)dx 6= lim
w→∞

lim
u→−∞

∫ w

u

f(x)dx.

2. Genikeumena Oloklhrwmata 2ou tupou einai auta opou h oloklrwtea syunarthsh parou-
siazei kapoia asuneqeia sto diasthma oloklhrwshc.

(aþ) Estw oti h sunarthsh f(x) parousiazei asuneqeia sto a; tote∫ b

a

f(x)dx = lim
ε→0

∫ b

a+ε

f(x)dx.

(bþ) Estw oti h sunarthsh f(x) parousiazei asuneqeia sto b; tote∫ b

a

f(x)dx = lim
ε→0

∫ b−ε

a

f(x)dx.

(gþ) Estw oti uparqei c me a < c < b kai h sunarthsh f(x) parousiazei asuneqeia sto c.
Tote mporoume na orisoume∫ b

a

f(x)dx = lim
ε→0

∫ c−ε

a

f(x)dx + lim
ε→0

∫ b

c+ε

f(x)dx.

Shmeiwste oti to parapanw apotelesma mporei na einai diaforetiko apo to

lim
ε→0

(∫ c−ε

a

f(x)dx

∫ b

c+ε

f(x)dx

)
.
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10 Mhkoc Toxou kai Kentro Barouc

1. Estw mia sunarthsh f (x) h opoia einai paragwgisimh sto [a, b]. Tote to mhkoc toxou (dhl.
to mhkoc thc kampulhc) thc f (x) apo to a wc to b einai

s =

∫ x2

x1

√
1 +

(
df

dx

)2

dx.

2. Ena omogenec uliko swma me polu lepth diatomh to opoio orizetai apo mia kampulh f(x),
ton axona twn x (dhl. thn eujeia y = 0) kai duo eujeiec x = x1 kai x = x2. Tote to swma
mporei na perigrafei wc mia lepth “`feta” ulikou h opoia katalambanei ena qwrio A ⊆ R2.

3. To kentro barouc tou swmatoc einai ena shmeio sto opoio mporoume na topojethsoume
ena “uliko shmeio” to opoio na einai isodunamo me to arqiko swma. To shmeio auto eqei
suntetagmenec (x, y) pou dinontai apo ta exhc:

x =

∫ x2

x1
xf(x)dx∫ x2

x1
f(x)dx

, y =
1
2

∫ x2

x1
(f(x))2 dx∫ x2

x1
f(x)dx

.
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11 Parametrikec Sunarthseic

1. Mporoume epishc na parasthsoume mia kampulh me duo sunarthseic thc morfhc x(t), y(t).
Auth h anaparastash legetai parametrikh parastash kampulhc kai oi x(t), y(t) legontai
parametrikec exiswseic kampulwn.

2. Mporoume na ermhneusoume thn metablhth t wc mia qronikh metablhth kai na jewrhsoume
ta x(t), y(t) wc tic suntetagmenec enoc shmeiou to opoio diatreqei thn kampulh.

3. Estw oti mia kampulh dinetai se parametrikh morfh (x (t) , y (t)) kai otan to t pairnei timec
apo t1 wc t2, h kampulh perikleiei ena qwrio. Tote to embado tou qwriou dinetai apo touc
tupouc

E =

∫ t2

t1

y (t)
dx

dt
dt =

∫ t2

t1

x (t)
dy

dt
dt.

4. Estw oti mia kampulh dinetai se parametrikh morfh (x (t) , y (t)) kai to t pairnei timec apo
t1 wc t2. To mhkoc thc kampulhc einai

s =

∫ t2

t1

√(
dx

dt

)2

+

(
dy

dt

)2

dt.

12 Polikec Suntetagmenec

1. To shmeio tou epipedou me polikec suntetagmenec (θ, r) orizetai wc exhc. Estw ena euju-
grammo tmhma mhkouc r to opoio sqhmatizei gwnia θ me thn hmieujeia Ox. Tote to perac
tou eujugrammou tmhmatoc einai to shmeio me polikec suntetagmenec (r, θ)

2. Mia kampulh mporei na anaparstajei apo mia exiswsh thc morfhc r = r(θ). Gia kaje timh
tou θ uparqei mia antistoiqh timh r(θ) kai ena antistoiqo shmeio (θ, r(θ)).

3. H sqesh pou uparqei metaxu twn kartesianwn suntetagmenwn (x, y) kai twn polikwn sun-
tetagmenwn (θ, r) einai h exhc:

x = r cos θ, y = r sin θ

r =
√

x2 + y2, θ = tan−1
(y

x

)
.

4. Estw oti mia kampulh dinetai se se polikec suntetagmnec (θ, r (θ)) kai otan to θ pairnei
timec apo θ1 wc θ2, h kampulh perikleiei ena qwrio. Tote to embado tou qwriou dinetai apo
ton tupo

E =
1

2

∫ θ‘2

θ1

r(θ)2dθ.

5. Estw oti mia kampulh dinetai se se polikec suntetagmnec (θ, r (θ)) kai to θ pairnei timec
apo θ1 wc θ2. To mhkoc thc kampulhc einai

s =

∫ θ2

θ1

√
r2 +

(
dr

dθ

)2

dθ.
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13 Seirec Arijmwn

1. Mia sunarthsh f (n), opou to n pairnei tic timec 0, 1, 2, ... legetai akoloujia. Sunhjwc
anti gia f (n) grafoume fn.

2. Estw mia akoloujia fn. Sqhmatizoume mia nea akoloujia

s1 = f1, s2 = f1 + f2, s3 = f1 + f2 + f3,...,sn = f1 + ... + fn,...

H akoloujia s1, s2, s3, ... legetai seira.

3. Grafoume sN =
∑N

n=1 fn kai an to orio limN→∞ sN uparqei to sumbolizoume me
∑∞

n=1 fn.
Kataqrhstika, qrhsimopoioume ton sumbolismo

∑∞
n=1 fn akomh kai otan to orio den uparqei.

4. H seira
∑∞

n=1 fn legetai sugklinousa otan
∑∞

n=1 fn < ∞, apoklinousa (sto ∞ h −∞)
otan

∑∞
n=1 fn = ±∞ kai talanteuomenh se kaje allh periptwsh.

5. Ta parakatw isquoun gia seirec me mh arnhtikouc orouc

(aþ) Estw oti
∑∞

n=1 fn = a. Tote
∑∞

n=1 cfn = ca (to a mporei na einai mikrotero h iso me
to apeiro).

(bþ) An
∑∞

n=1 fn < ∞, tote limn→∞ fn = 0.An limn→∞ fn 6= 0 tote
∑∞

n=1 fn = ±∞.

(gþ) H seira
∑∞

n=1 f(n) sugklinei (se arijmo mikrotero tou apeirou) an uparqei a > 0
tetoio wste

∫∞
a

f(x)dx < ∞ kai apoklinei sto apeiro an gia kaje a > 0 eqoume∫∞
1

f(x)dx = ∞ .

(dþ) Estw oi akoloujiec fn kai gn tetoiec wste gia kaje n eqoume 0 ≤ fn ≤ gn. Tote:

∞∑
n=1

gn < ∞⇒
∞∑

n=1

fn < ∞ kai
∞∑

n=1

fn = ∞⇒
∞∑

n=1

gn = ∞

(eþ) Ac jesoume (an to orio uparqei) a = limn→∞
fn+1

fn
. An a < 1, tote

∑∞
n=1 fn < ∞. An

a > 1, tote
∑∞

n=1 fn = ∞. An a = 1, den mporoume na sumperanoume tipota.

(�þ) Ac jesoume (an to orio uparqei) a = limn→∞
n
√

fn. An a < 1, tote
∑∞

n=1 fn < ∞.
An a > 1, tote

∑∞
n=1 fn = ∞. An a = 1, den mporoume na sumperanoume tipota.

6. Mia seira legetai enalassousa an eqei thn morfh f1−f2 +f3−f4 + ... opou f1, f2, f3, f4, ...
einai jetikoi arijmoi.

7. Mia enalassousa seira sugklinei an (a) gia kaje n isquei: fn > fn+1 kai (b) lim fn = 0.

8. Leme oti h seira
∑∞

n=1 fn einai apolutwc sugklinousa an
∑∞

n=1 |fn| < ∞.

9. Mia apolutwc sugklinousa seira einai kai sugklinousa.
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14 Dunamoseirec

1. Dunamoseira einai mia sunarthsh thc morfhc
∑∞

n=0 fn · (x− x0)
n.

2. O topoc sugklishc thc dunamoseirac, einai oi timec tou x gia tic opoiec

|f(x)| =

∣∣∣∣∣
∞∑

n=0

fn · (x− x0)
n

∣∣∣∣∣ < ∞.

15 Seirec Taylor

1. (Seira MacLaurin). An h sunarthsh f (x) eqei paragwgouc olwn twn taxewn sto shmeio
x0 = 0, tote h f (x) mporei na grafei se morfh dunamoseirac (h opoia sugklinei se mia
geitonia tou 0):

f(x) =
∞∑

n=0

fnx
n

opou

f0 = f(0) =
f (0)

0!
, f1 =

f ′(0)

1!
, f2 =

f ′′(0)

2!
, f3 =

f ′′′(0)

3!
, ..., fn =

f (n)(0)

n!
, ...

2. (Seira Taylor). An h sunarthsh f (x) eqei paragwgouc olwn twn taxewn sto shmeio , tote
h f (x) mporei na grafei se morfh dunamoseirac (h opoia sugklinei se mia geitonia tou x0):

f(x) =
∞∑

n=0

fn · (x− x0)
n

opou

f0 = f(x0) =
f (x0)

0!
, f1 =

f ′(x0)

1!
, f2 =

f ′′(x0)

2!
, f3 =

f ′′′(x0)

3!
, ..., fn =

f (n)(x0)

n!
, ...
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