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1. Inverse Z-Transform

Example 1

Calculate the inverse Z-transform of the function:

3 2
X(2) = 1 +
e | 2 i

1 57 1 37

Answer: The given Z-Transform is the sum of two exponential functions of the first de-
gree, that is, it is already in the form of a sum of simple fractions. The poles of the trans-
formations are z; = 1/2 and z, = 1/3. Because the region of convergence has not been
determined, there are three possible cases of regions of convergence, as shown in the fig-
ure.
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Regions of convergence (ROC)

(a) Region of Convergence ROC4:1/2 < |z| < oo: Since the region of convergence of the
function X (z)is the outer surface of a circle and its poles lie on the inner side of the circle,
it follows that the sequence x[n]is right-sided (causal sign). Using the corresponding pair
for right-hand exponential sequences from Table 9.1 or equation (9.41), we find:



(b) Region of Convergence ROC,: 0 < |z| < 1/3: Since the region of convergence of the
X(z)function is the inner surface of a circle and its poles are on the outer side of the circle,
the sequence x[n]is left-sided (anticausal sign). Using the corresponding pair for left-
hand exponential sequences from Table 9.1 or equation (9.41), we find:

x[n] = -3 (%)n u[-n—1] -2 (%)n u[-n—1] = - {3 (%)n +2 (%)n}u[—n —1]

(c) Region of Convergence ROC3:1/3 < |z| < 1/2: Since the region of convergence of the
function X (z)is the inner surface of a circular ring, the pole z;is on the outer side of the
great circle while the pole z,is on the inner side of the small circle, the sequence x[n]is
double sided formed by the sum a left side sequence and a right side sequence. Similarly
to above, we find:

n n

x[n] =-3 (%) u[-n—1]+ 2 (%) uln]

[LJExample 2

To calculate the convolution of the signals:

x[n] = 3™u[—n] kaL h[n] = (—) un]

Answer: The sequence h[n]is right-sided (causative) and has a Z-transformation:

1
H(z)=—7—, ROC(H):|z| >
1—7Z_1 2

The sequence is left-handed (anti-causal) and the x[n]Z- transform can be found using
the time-shift and time-reversal properties:

+co 0 + 00

1 n

X(2)= Z x[n]z™ = Z 3Nz = Z (§z>
n=—o n=-—oo n=0
3 rocool <3
L1, 1-3zv =1zl <
So, the Z- transform of the convolution y[n] = h[n] * x[n], is:
Y@) 1 3z71
zZ)=— .

3,1

The region of convergence is ROC(Y) = ROC(X) N ROC(H), for which |z| > 1/2 and
|z| < 3. Therefore, the region of convergence of the sequence y[n]is ROC(Y):1/2 < |z| <
3.

Because of the particular shape of the region of convergence we expect the sequence
y[n]to be the sum of a right-hand side sequence and a left-hand side sequence.



Its Y(z)inverse Z- transform is obtained by expanding the function Y (z)into some frac-
tions:

R, R,

Y(z) = + 1
(Z) 1_1 1 1_32_1()

7Z
where the rest R; and R, of the polynomial division for the corresponding poles are given
by relations (9.38) and are:

w=(1-3)0) L= |- ) T s
1= 27 Pl A~ 27 )1 5 13z

[uy

= L.-1
2 ZZ Z:%
_ 3z71 _6
T |1-3z71 15
z=3
3z71
Ry =[(1-32") Y@ = |1 =327 ) ——
2 z=3
3 3z71 _ 6
1, 1 4 T s
1—241
ZZ z=3

Considering that the first fraction of Y (z) (equation 1) is left-hand side, while the second
is right-hand side and using Table 9.1 or equation (9.31), we obtain:

1= Q) s Qs

2. Relationship between Transfer Function and Difference Equation

LLJExample 3
An initially relaxed LSI system has a transfer function:
z—1
=22 vozs

Calculate:
(a) The difference equation describing the system.

(b) The impulse response of the system.

(c) The system output for input x[n] = u[n]

Answer: (a) We will calculate the transfer function from the equation H(z) = Y(2)/X(2),
so we have:

Y(2) z—1 B z7l—z72
X(z) z?—2z4025 1—z"1+40.25z72
We cross-multiply the fractions and get:
Y(2) —z71Y(2) + 0.25272Y(2) = 271X (2) — 272X (2)
We apply inverse Z- transformation and get the LDECC:

y[n]—y[n—1]+025y[n—-2] =x[n—-1]—x[n—-2] =



y[n] = y[n — 1] — 0.25y[n — 2] + x[n — 1] — x[n — 2]

(b) Because in the expression of the transfer function H(z) in terms z~" the degree of the
numerator is the same as the degree of the denominator we will develop the function in
some fractions H(z):

~ H(z) z—1 (z-1)
H(Z) = = 7 = — >
z z(z2 —-z+0.25) z(z—-0.5)
The development is:
H(z) _ Ry R, R3

Hz)=— =2 tz-osrtz-o0s M

Using equation (9.38) we find the rest R; and R,:

-] _
(z—052| _ 4

~ -1
R, =[(z-052H@)] _,_ = [(Z z )] -
z=0.5

R, = [zﬁ(z)]FO = [

To find the remainder R; we substitute random values of z, which must not be poles. We
put z = 1 in equation (1) and we have:

HD  (1-1) 4 —1 R,

HQ1) = = =0>— =0=
D =—===T0 057 T ta-osz T a—os)
R3
=—4—-4+—= R, =4
tos 3
Therefore:
R, z R, z R; z
H =
() T 052t Z=-0s)
0.5z

4 -2 4
(z —0.5)? + (z—-0.5)
Based on Table 9.1 the impulse response is:
h[n] = —46[n] — 2n(0.5)™ u[n] + 4(0.5)™ u[n]

(c) We can compute the output by either convolution y[n] = x[n] * h[n] or inverse trans-
formation y[n] = Z"Y{X(2)H(z)}. We will follow the second way. The Z-transform of the
input is:

X(z) = ! = ! >1
(Z)_l_z_l_z_lﬁlzl

Therefore:
z—1 3 1 3 z7?
z—122—2z+025 2z2—2z+4+025 (1-2z"1+40.25z72)

Z—Z

~(1-05z1)2

Since the expression in the denominator is quadratic we use equation (9.39) and obtain
the expansion:

Y(2) =X(2)H(z) =




R, N Ryz™1 L
1-05z71 (1-0.5z71)2 /()
We calculate it R,from the equation (9.38):

Y(2) =

Ry =11~ 05202 Y@l = 2%, =

To calculate it R;we choose a value of zwhich is not a pole of the function Y (z). Let's say
that z = 1. We calculate it Y (1)from the definition. Is:

172 1
(1-051"1H)2  0.52
We calculate it Y (1)from the expansion (equation 1). Is:

R, R,17! R, 025 R

4

Y(1) =

Y 1 = = —_— —_——
1) 1-0511 + (1-051"1H2 05 + 0.25 0.5
Apply:
Ry 3
—+1=4>R, ==
05 TP M=g

So the development is:

Yo = G) 1— 01.5z—1 + G) (1 i).(5);;1)2

and from Table 9.1 we find:

[3 +n] (0.5)™ u[n]

N[ =

3 1
y[n] = 3 (0.5)" u[n] + 5 (0.5)™ nu[n] =

L Example 4
To solve the LDECC with zero initial conditions and input x[n] = u[n]:
y[n] =1.6 y[n —1] — 0.64 y[n — 2] + x[n]

Answer: We write the LDECC, transferring the terms y|[ ] to the left member:
y[n] —1.6 y[n — 1] — 0.64 y[n — 2] = x[n]

The Z-transform of the input is:

X(@) = —— = >1
eI T o

71
We calculate the Z transformation of both members of the LDECC. Using the time shift
property of the Z-transform we get:

Y(z)—1.62z71Y(2) —0.642z72Y(2) =X(2) > Y(2)[1 — 1.6z71 — 0.64z7%] = =

1 1
(1-2z"1)(1-16z"1-064z72) (1—2z"1)(1-0.82z71)2
We use equation (9.39) and obtain the expansion:

R R Ryz™?!
1_ n 2 4 3 .
—z71 1-08z"1 (1-0.8z71)2

Y(z) =

(OEE )



We calculate R; and R; from the equation (9.38):

1
R, = [(1 - Z—l)2 Y(Z)]z'1=1 = [m] =..=25
: z71=1

= =_4

Ry =[(1-0.827)2Y(2)],-121/08=125 = [
=125

=l

To calculate it R,we choose a value of zwhich is not a pole of the function Y (2). Let's say
that z = 2. We calculate it Y (2)from the definition. Is:

1 1
Y(2) = ==
) 1-2"1H(1-082"1 0.18
We calculate it Y (2) from the expansion (equation 1). Is:
25 R, 4271 25 R, 2

+ - =+ 2
—2717(1-082"1) (1-0820)2 05 06 036

Y@ =1

Doing the operations, we find:

So the development is:

Y(z) =25

+( 5) 1 +(-5) 08z71
1-2z1 6/1—08z1 (1— 0.8z 1)2

and from Table 9.1 we find:

y[n] = 25(1)"u[n] g (0.8)"ufn] — 5(0.8)"n ufn] = [25 5 [n + %] (o.s)n] uln]

3. Solving Differential Equations
L) Example 5
An LSI system is described by LDECC:
y[n] = 0.2y[n — 1] + 0.8y[n — 2] + x[n]

Find the system's response to input x[n] = (0.5)" u[n] and initial conditions y[—1] =
5 and y[—2] = 10.

Answer: We calculate the one-sided transformation Z*of each of the LDECC terms:

Y*(2) =0.2[z71Y*(2) + y[-1]] + 0.8[z72 Y ¥ (2) + z-ly[—1] +y[-2]] +X*(2)

Substituting the values of the initial conditions, we have:
Yt(2)=02[z7tY"(2)+5]+08[z72Y"(2) + 5271+ 10] + Xt (2) =
Y*(2)=02z1Y"(2)+1+082z2Y"(2) +4z 1 +8+ X" (2)
Transferring the terms containing the Y (z) to the left member, we have:
Y*(2)[1-022"1-082z72]=9+4z7 1+ X7 (2)

The sequence x[n] = (0.5)™u[n] has a one-sided transformation X*(z) where is given by
the equation:



1

X&) =1g5,
So it holds:
Yt(2)[1-02z"1-082"2]= 09 +4z7H+ T 05,1
Solving for Y *(z) we have:
1
(9+4z7h) 1-0.5z1

YT(2) = Y,(2) + Yp5(2) = 1 — ()

—02z71-08z72 1-0.2z1-0.8z
By adding the fractions and then factoring the denominator, we have:

10 -0.5z7" - 2272 B 10-052z""~2z72
(1-02z71-082z"2)(1-05z"1) (1-z1H1+08z71)(1—-0.5z"1)
The region of convergence is |z| > 1 and the poles of the system are z; =1,z, =

—0.8,z3 = 0.5. Because one pole lies on the unit circle (and the rest are inside the unit
circle) the system is marginally stable.

Yt(z) =

For its development Y*(z) in some fractions we will need to calculate the remainders
Rll R2 and R3:

Ry Ry Rs
Y*(z) =
@ =1 Tr 087 T 1052
Since the poles are simple and distinct (), we z; = 1,z, = —0.8,z3 = 0.5 also R; calculate

remainders R4, R, from the equation (9.38) and we have:

10— 05zt — 2z~ 25

Ri= [Y*(@)(A -2z D],uy = T3

1= [Y"@A —2z7)];=1 (1+0.8z7H)(1 - 0-52_1)L=1 3
10— 05271 — 2272 80
Ry = [Y*(2)(1 +0827Y)],o_5 = 39
2= [V (@)1 + 0827 )],-_g5 (1-zHA-05z"Y] _ . 39
10— 05271 — 2272 10

Ra= IV* ()1~ 052 Vomos = | Ty v 05,75 = 268
) z=0.5

Therefore, its development Y * (z) in some fractions it is:

Y+()_(25) 1 +(80) 1 +( 10) 1
2=\ \3)1=271"\39)1+ 0821 26)1—05z-1

Performing an inverse Z-transform yields the requested solution:

y[n] = (23—5) )"uln] + (%) (=0.8)"u[n] + (— %) (0.5)"u[n]

- [(g) + (%) (—0.8)"+ (- %) (0.5)"] uln]

The overall solution can be expressed in the following ways:

e Asasum of homogeneous solution and the partial solution :
yln] = [(§> + (@) (—0.8)"] uln] + (— E) (0.5)™u[n]
3 39 26
The homogeneous solution is due to the poles and the partial solution to the zeros
of the input signal.



o As the sum of the transient state and the permanent state :

yln] = [(%) (-0.8)" + (— %) (0.5)"] u[n] + (%) uln]

The transient state is due to the poles (single or multiple) lying within the unit
circle and the permanent state is due to the simple poles lying on the unit circle. If
there are poles (single or multiple) outside the unit circle, then the response tends

to infinity.

e As the sum of the response zero entry (or initial state) and response zero initial
state . Specifically, the above equation (1) is a sum of two terms. The first term can

be written as:

Y,i(z) = H(2) X;c(2)

represents the response for the given input, assuming a zero initial state and is

called the zero-state response. The function X;.(z) can be thought of as an equiva-

lent initial state input which produces the same output Y,; (z) thatis created by the
initial conditions. In our example and based on equation (1) it follows: x;.[n] =
(9,4}

The second term can be written as:
st(z) = H(Z) X(Z)

represents the response for zero input, with only the initial state applied, and is
called the zero-input response.

Calculating the inverse Z-Transform of equation (1), we have (equation 11.28):
y[n] = yzln] + yzs(nl
where y,;[n] is the zero-input response and is given by:
65 116 65 116
yaln] = () el + (32) (08ymulnl = |(3) + (5) (08| uln]
and y,¢[n] is the zero-state response, which is given by:

yasln] = () OPuln] + (22) (~0.8)uln] + (13) @ 5)uln)

= [(55) o8 + () 05 + ()] wind

4. Solving Differential Equations

L) Example 6

A continuous-time GHS system that is in a state of initial rest is described by GDESS:

d? d
d};gt) +5 };it) + 6y(t) = x(t)

To find the response of the system for input x(t) = u[t].

Answer: Applying Laplace transform to the differential equation we find:
1

1
s2Y(s) + 5sY(s) + 6Y(s) = X(s) = 5 =>Y(s) = SGTT5516) = .

-6 @izt Q)i




Therefore the response for step input is:

y(t) = [— — —e‘Zt + ; e‘3t] u(t)

Applying the first and second derivative approximations given in relations (11.29) and
(11.30) to the differential equation, we then sett = nT's and obtain:

y(t) = 2y(t —Ty) + y(t — 2T) Sy(t) y(t—Ts)
T2 T,

5 5 2 1
<6+T +T2>}’(t) ( FS—T—SZ>}’(t—Ts)+<T—SZ>Y(t—2Ts) = x(1)
5 1 5 2 1
<6 ot Tz)Y(nTs) - ( .~ E)Y((n - DT + <T—Sz>y((n = 2)Ts) = x(nTy)

= a;y(nTy) + a,y((n — DTy) + azy((n — 2)T) = byx(nTy)

—(6+2+2)q,= > _2) g =(2) b =1
M=\ Tz R T\ T, T2 B T\ 2 T

The sampling period must have a sufficiently small value calculated according to the
Nyquist criterion. For simplicity we set Ty, = 1 and get:

al = 12,a2 = 7,a3 = 1,b1 =1

+ 6y(t) = x(t)

where:

so the following difference equation is obtained:
12y[n] +7y[n—1]+y[n—-2]=x[n],n>0

For zero initial conditions we have y[0] = 1/12 and from the final value theorem we find
y[n] = 1/20 for n — oo. The Z-transform of the output is:

73

(z—-1)(12z2+7z+ 1)

Calculating the inverse Z-transform by the method shown in Example 9.15, we find:

1 1 (1)" 1 (1)”
200 " 12\3) “20\a) |4
This solution is approximate and not exact because we chose a large value for the sam-
pling period T; = 1. Choosing a smaller value makes the solution more accurate.

Y(z)(12+7z71+2z7%) = T Y(2) =

y[n] =



