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SIGNALS AND SYSTEMS
Solved Examples - Tutorial Sheet 12

Instructor: Michalis Paraskevas, Professor

ANALYSIS OF LTI SYSTEMS USING THE FOURIER TRANSFORM
e Frequency response
e Response of an LTI system to periodic and aperiodic inputs
e Describing a linear differential equation using the Fourier transform
e Inverse systems

1. Frequency Response

Example 1
Calculate the output of an LTI system with impulse response h(t) = 2e
x(t) = 2cos(3t +m/3).

~3tyu(t) when its input is

Answer: From Table 4.3, the Fourier transform of the impulse response, which is the system

frequency response, is:
2
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Its amplitude (magnitude) is:
2 2

2
|H(m|=| .|= ——
3+j01 3+j02] 9+ 02

and its phase is:

0, (2) = 4H(2) = —tan™? (g)

The signal x(t) = 2cos(3t + n/3) has frequency 2y = 3 (rad/s). Its exponential Fourier series
expansion is:

. T . T
x(t) = 2cos (3t + g) = e](3t+§) + e_](3t+§) = eJ3teIm/3 4 g=J3te—in/3
Using equation (5.72), the system output is:
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y(t) = H(3) {ej3te?} + H(-3) {e—]3te—?}
We calculate:
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Grouping the exponential terms gives:

y(t) = £e‘j4 { J'3tej§} g Tn{ —J'3te‘j?”}

— g{ej(3t+rc/12)} + \/—{e—}(3t+n/12)}
2V2
T cos (3t + 12)

The output frequency is the same as the input frequency.
The output amplitude equals the input amplitude multiplied by the magnitude of the frequency
response at {2, = 3:

V2 242
2 /HB)I=2 —=—
IHQB) | 3 3
and the output phase equals the input phase shifted by the phase of the frequency response at 2, =

3:

o The output retains the input frequency. Since the system is LTI and its input is a single-
frequency sinusoid, the output remains sinusoidal at the same frequency, 2, = 3 rad/s.

e The system changes only amplitude and phase. Its effect on the input is fully described by the
frequency response at f2,. Here, the amplitude is scaled by |H(3)| = v2/3, and the phase is
shifted by ©y(3) = —m/4. Thus, the output is obtained by applying these two changes directly
to the original sinusoid.

o The final output confirms eigenfunction theory. The solution gives:

y(t) = &cos (3t - 17TZ)

showing that a sinusoidal input to an LTI system produces an output with the same frequency
but a new amplitude and phase.

o The frequency-response method is much shorter than time-domain convolution, especially for
a purely sinusoidal input.

L] Example 2
Calculate the impulse response of the system described by the differential equation:
d’y(®) | dy(@®) dx(t)

T+ 8+ 15y(8) = 15 x(8) — 2~

Answer: (a) We solved this problem in the time domain and obtained:
1
h(t) = 3 (21e73t — 25e ) u(t)

Here, we solve the same problem in the frequency domain using the Fourier transform, to compare
the solutions.




Applying the Fourier transform to both sides of the differential equation and using its linearity and
differentiation properties gives:

d*y() _dy(t) dx(t)
F{ 12 +8 It + 15y(t)} = F{le(t) -2 It }=>
d2 d d
F {%ﬁt)} +8F {%} +15F{y(8)} = 15F{x ()} — 21:{ ’;(tt)}

Using the differentiation property of the Fourier transform:

F {d”x(t)

dt™

}iomwm)
we obtain:
GO2Y() +8j2Y () +15Y(R) = 15X(2) — 2j2 X(2) =
Y(2)(—02?% + 8j2 + 15) = X() (15 — 2j2) =
. Y@  15-20 15 — 2j0
@ X)) —-02+8i0+15 B +j2)(5+j0)

To calculate the impulse response h(t), we apply the inverse Fourier transform to the frequency
response H(£2). We first decompose the frequency response into partial fractions:

& G

H) =3 n Y54 )n
We calculate C; and C,:
- 1.5—2jf2. 3+ 0) _15-2(=3) _21
B+j2)(G+j0) =3 5-3 2
C=m I _(s4j| =D B
B+j2) (5+j2) ja=—s 3-5 2

Thus:

H(ﬂ)—21 1 25 1
2342 25+j0

Therefore, using the inverse Fourier transform and Table 4.3, the impulse response is:
1
h(t) = 3 (21e73t — 25e ) u(t)

This result agrees with the time-domain solution, confirming the equivalence of the two approaches
and demonstrating the effectiveness of the Fourier method for LTI system analysis.



e This example shows that the Fourier transform converts a linear differential equation with
constant coefficients into an algebraic relation between X(f2) and Y ({2), greatly simplifying
frequency-domain analysis.

e (alculating the frequency response H({2) and decomposing it into partial fractions is the key
step, since it allows direct application of the inverse Fourier transform. This gives the impulse
response, which fully describes the LTI system in the time domain.

X Example 3 (*)
An LTI system has frequency response:

540
HO) =—
@ 6 + 5j0 — 2

(a) Find the differential equation describing the system.
(b) Find the system impulse response h(t).
(c) Find the system output for the input x(t) = e ~>tu(t).

Answer: (a) We know that the frequency response is given by:

HQ) = Y(2)
)= X
For the given frequency response, we have:
Y(©2) 5+j0

X@) 6+50-2
Y()(6+5i0-0%)=Xx(2)(5+j0) =
(GD?*Y () +5j0v(0) + 6Y() = jox(2) +5X(2)

We convert this algebraic relation into a differential equation using the differentiation property of
the Fourier transform:

F{dzy (t)} = (1227 (@), F{—dy (t)} = ()Y (@), F{dx(t)

dt? dt

o’ } = (DX@)

which gives:

dZ d d
F {—di gt)} +5F {—3;(;)} +6y(t) =F {%} +5x(0)

Therefore, the differential equation describing the system is:

d?y(t dy(t dx(t
dytg)+5 Zl(t)+6y(t)=—’;(t)+5x(t)




(b) We calculate the impulse response h(t) by taking the inverse Fourier transform of the given
frequency response H(f2). Decomposing it into partial fractions gives:

5+j0 5+ )0 3 2
6+50—02 Q2+j2B+jN) 2+j2 3+j0

H) =

We obtain:
h(t) = FH{H(Q)}

_ 21 1 _ o1 1
=3F - 2F -
2+j0 3+j0

= (3e7% — 2e73Yu(t)

(c) To calculate the system output y(t), we work in the frequency domain because it simplifies the
calculation. We first calculate the Fourier transform of the input, X (w):

X(@) = Fle™*u(®)} =

5+j0
We then calculate the Fourier transform of the output:

5+ 0 1 1

Y()=HW)X() = 2+jMDB+j2) (5+j2) - 2+jM)B+jn)

We write Y (£2) as a sum of partial fractions:

1 1 1

Y = C+i0G+i0) 2+ G+

Finally, the inverse Fourier transform gives the output y(t):

y(@) =FH{Y(D} == (e —e*Hu(®)

e When the frequency response H({2) is known, we can directly recover the system differential equation
by moving from the frequency domain to the time domain using the Fourier transform's differentiation
property.

e Partial-fraction decomposition of H(f2) makes the impulse response h(t) easy to calculate. The result
h(t) = (3e~?" — 2e73") u(t) shows that the system's time-domain behavior is determined by
exponential terms directly related to the poles of its frequency response.

e Working in the frequency domain greatly simplifies output calculations, since Y (2) = H(2)X () turns
convolution into a simple product. This is especially useful when signals or systems have complex time-
domain forms.

2. Response of an LTI System to Periodic and Aperiodic Inputs

L Example 4
Calculate the output of an LTI system with impulse response h(t) = 2e~3'u(t) when its input is
x(t) = 2cos(3t + /3).



Answer: From Table 4.3, the Fourier transform of the impulse response, which is the system

frequency response, is:
2

3+0

H\) =
Its amplitude (magnitude) is:

2 2
|H(2)]

2
_|3+j[2|_|3+j[2|_w/—9+_(22

and its phase is:

0,(Q) = 4H(Q) = — tan™? (%)

The signal x(t) = 2cos(3t + ©/3) has frequency 0, = 3 (rad/s). Its exponential Fourier series
expansion is:

x(t) = 2cos (St + g) — /(3%5) 4 o I(3545) _ giteinss 4 gmistmins3
Using equation (5.72), the system output is:

i n , jm
y(t) = H(3) {ej3te?} + H(-3) {e—13te—?}
We calculate:
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Grouping the exponential terms gives:
y@©) = g et {eﬂte}?n} + g T {e‘ﬁfe_%n}

V2 V2

— ?{ej(3t+7r/12)} + ?{e—j(3t+n/12)}

= %zcos (31: +%)

The output frequency is the same as the input frequency.
The output amplitude equals the input amplitude multiplied by the magnitude of the frequency
response at {2, = 3:
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and the output phase equals the input phase shifted by the phase of the frequency response at 2, =
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e The output retains the input frequency. Since the system is LTI and its input is a single-
frequency sinusoid, the output remains sinusoidal at the same frequency, £, = 3 rad/s.

e The system changes only amplitude and phase. Its effect on the input is fully described by the
frequency response at (2,. Here, the amplitude is scaled by |H(3)| = v2/3, and the phase is
shifted by Oy (3) = —m/4. Thus, the output is obtained by applying these two changes directly
to the original sinusoid.

o The final output confirms eigenfunction theory. The solution gives:

242 T
y(t) = —3cos (3t + E)
showing that a sinusoidal input to an LTI system produces an output with the same frequency
but a new amplitude and phase.
e The frequency-response method is much shorter than time-domain convolution, especially for
a purely sinusoidal input.

3. Describing a Linear Differential Equation Using the Fourier Transform

L) Example 5 (*)
Calculate the output of an LTI system with impulse response h(t) = 2e
x(t) = (2e7t + e™*) u(t).

~3tu(t) when its input is

Answer: From Table 4.2, the system frequency response is:

H(2) =
@ 340
The Fourier transform of the input is:
X)) = 2 + !
)= 14+j02 4+j0
and the Fourier transform of the output is:
H() = HOX(0) = - — (b )
= = +
34+jo\1+j2 4+j0
6(3+jn) 6
A+ i)B+)A+j2) (1424 +j0)
Cy Cy
= —+ -
1+j0 4+j0
We calculate the coefficients C; and C, using:
c, = 6 1+ '!2)| —2
R TDICEST:) Raid PN
c, = 6 4+ '!2)| -2
SRR GRS TIICESTo) Rid A



Therefore, the Fourier transform of the output is:

2 2

Y(Q) = —~
@) 140 4+j0

Thus, the output signal y(t) is:
y(®) = (2e™ = 2e7*) u(®)

o When the input is a sum of exponential signals, the output is easily calculated in the frequency
domain using Y (2) = H(2)X (), without directly calculating the time-domain convolution.

e The final result y(t) = (2e7t — 2e *)u(t) shows that the system changes the input
components according to its frequency response, illustrating its usefulness for LTI system
analysis.

X Example 6 (*)
Calculate the impulse response of the system described by the differential equation:
d*y(t) | dy(®) dx(t)

dr? + 8 dt + 15y(t) = 15 x(t) — 27

Answer: (a) We have solved this problem in the time domain, obtaining:
1
h(t) = 3 (21e73t — 25e 5 u(t)

We solve the problem in the frequency domain using the Fourier transform and compare the
solutions. Applying the transform to both sides of the differential equation and using its linearity and
differentiation properties gives:

d? d d
F{ digt) +38 3{;(;) + 15y(t)} - F{le(t) - z%} =

d? d d
F{ = gt)} +8F {%} +15F{y(t)} = 15F{x(t)} — zp{ ’;(tt)} =

(YD) +8j0Y() +15Y(2) =15X(D) — 2N X(2) =
Y(Q)(—02? +8j2+15) = X(2)(15 - 2j0) =

Y@ = 15-2j0 15 — 20

H\) = X()  —0Z+8j0+15 - B+j2)(5+j02)

To find the impulse response h(t), we calculate the inverse Fourier transform of the frequency




response H(£2). Using partial fractions, the frequency response becomes:

H(Q) = G, G
B+ G+
We calculate C; and Cj:

c 15 —-2j0 3 +0) 21

1 = - - ] = s = —

B+ji)G+j02) =3 2
C. = 15 —-2j0 5+ _Q)| 25

TEHmGHm T

Thus, the frequency response in partial-fraction form is:
21 1 25 1
H() =

2B+ 2G40

Therefore, the impulse response obtained by the inverse Fourier transform is:
1
h(t) = 3 (21e73t — 25e>N)u(t)

We obtain the same result as by solving the differential equation, using a considerably simpler
procedure.

4. Inverse Systems

L) Example 7 (*)
The continuous-time systems A and B are connected in cascade as shown below. The signal x(t)
enters system A, and the same signal x(t) leaves system B.

x(t) A y(t) B X(t)
— > —

If system A is LTI, determine whether system B is also LTI. What other requirements must B
satisfy?

Answer: For the same signal x(t) to appear at the overall output, the equivalent impulse response of
the cascade must equal the unit impulse:

heq(t) = 6(1)

Since the systems are connected in cascade, their equivalent impulse response is the convolution of
their individual impulse responses. Therefore, if hy(t) and hg(t) are the impulse responses of
systems A and B, respectively, we require:

ha () * hp(t) = 6(t) (1)

Equation (1) means that system B is the inverse of system A. If x(t) is applied to system 4, the overall



outputis:

x(t) = y(t) * hp(t) = (x(t) * hy(t)) * hp(t)
= x(t) * (ha(t) * hp(D)) = x(t) * 8(t) = x(t)

Thus, system B undoes the effect of system A. Equation (1) shows that B is described by an impulse
response hg(t) and is therefore also LTI. In the frequency domain, equation (1) becomes:

Hy() Hp(2) = 1
SO
1

Hy(2)

Hg() =

Therefore, the frequency response of system B is the reciprocal of that of system A.
In the Laplace domain, we similarly have:

1
Hy(s)

Hg(s) =

Thus, the poles of system A become zeros of system B, while the zeros of A become poles of B.
For practical implementation, system B must be causal and stable in addition to being the
mathematical inverse of A. From:

1
Hy(s)
the inverse system is stable only if the zeros of A lie in the left half of the complex plane. A system

satisfying this requirement is called minimum-phase and can be inverted. Its inverse is also
minimum-phase. The causal realizability of 1/H4(s) must also be checked.

Hg(s) =

e Frequency-domain inversion follows simply and directly. From
H,(2)Hg(2) = 1, we immediately obtain:

1
Hg() = —HA @

This result shows that frequency-domain analysis provides a clear description of system
inversion.

e Mathematical invertibility does not necessarily imply practical realizability. Even if the
inverse is theoretically defined, its causality and stability must also be checked. The zeros of
the original system are therefore crucial, since they become poles of the inverse.

10



[ Example 8

Determine whether the stable, causal system with transfer function
H(s) = (s —1)/(s + 2) has a stable, causal inverse. Find H;;,,(s) and the impulse response of the
inverse.

Answer: If the inverse exists, its transfer function is:

1 s+2
Hinv(5)=m=s_1

The original system is causal and BIBO stable because its pole is at s = —2. However, it has a zero at
s = +1, in the right half-plane. This zero becomes a pole of the inverse, making the inverse BIBO
unstable. Let us examine this further. Its transfer function is:

s+2 _ 3

Hinv(S)=S_—1—1+S_1

e For Re(s) > 1, the impulse response is:
hiny(t) = 8(t) + 3etu(t)

The exponential term e‘u(t) grows without bound, so the inverse is indeed BIBO unstable.
However, it is causal because its impulse response is right-sided.

e For Re(s) < 1, the impulse response is:
hiny (1) = 6(2) — 3™ u(t)

In this case, the inverse is BIBO stable, but is noncausal because its impulse response is left-
sided.

Thus, the original system is theoretically invertible as an algebraic function, but its inverse cannot
be implemented as a stable, causal system. Therefore, H(s) is not minimum-phase.

e The mathematical existence of an inverse transfer function is insufficient for practical
implementation. The stability and causality of the inverse must also be checked.

e Aright-half-plane zero becomes a pole of the inverse, making the inverse unstable.

e This example establishes the concept of minimum phase: only when all the zeros of the
original system lie in the left half-plane can we expect an inverse that is both stable and causal.

Note: Examples marked with an asterisk (*) also appear in the theory lecture slides.
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