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INTRODUCTION TO CONTINUOUS-TIME SIGNALS
e Characteristic Signal Parameters

e Transformations of the Independent Variable
e Types of Continuous-Time Signals

1. Characteristic Signal Parameters

L Example 1
Determine which of the following are energy signals, power signals, or neither:
@x(t)=e*, a>0,t=>0 M) x()=e*, a<0,t=>0

Answer: (a) Since the signal has infinite duration and unbounded amplitude, both its
energy and its power tend to infinity. Therefore, it is neither an energy signal nor a power
signal.

(b) The signal has infinite duration and bounded amplitude. Its energy is:
+ oo +o00 1
Exzf xz(t)dtzf e dt = — [llme —1] ——<oo
—o 0 2a

The signal's power is zero. Therefore, it is an energy signal and a power signal.

X Example 2
Determine the energy of the signal:

) = {e‘Zt sint t=>0
0 t<O0

Answer: Using the trigonometric identity:

) 1
sin?t = > [1— cos(2t)]
we obtain:

1
x2(t) = (e ?tsint)? = e *tsin’t = 3 e *[1 — cos(2t)]

Substituting the expression above into the defining equation for energy:

+00
E, =j x2(t) dt

and since the given signal is defined only for t > 0, we obtain:




400 1 [o'e] 1 [o'e] 1 [oe]
E, = f x2(t) dt = —f e *[1 — cos(2t)]dt = —f e dt — —f e * cos(2t)dt
—0o0 2 0 2 0 2 0

The first integral is evaluated as follows:

fooe_‘”dt = [—le_‘”]oo =
. 2° o

The second integral is evaluated by repeated integration by parts, giving:!

*© 1
f e * cos(2t)dt = -
0 5

Substituting these integral values into the defining equation for energy, we obtain:

E, =—
* 40

Therefore, the given signal x(t) is an energy signal.

X Example 3
Calculate the energy and power of the signal x(t) = cos(rwt/2 + w/4).

Answer: The energy is calculated from:

teo +oo nt w
E, = f x2(t)dt = f cos? (7 + Z) dt > o

Therefore, the given signal has infinite energy. Its power is calculated using the signal's
symmetry and setting T = NTj:

2 (T mt
— x2 — 2 _
P, = llrgj T (tdt = llm 197 ), cos (2 +4) dt
1 (NTo nt To nt W
__ 2(Z22 4 - 2 -
_MSONTO[ cos (2 +4)dt 1513301\17"01\'[ cos (2 +4)dt

1 (To wt w 1 (To
= — 2 _— —_ = —_— —
Tofo cos (2 +4)dt 2To.f0 [cos(nt +2)+ 1] dt
1 r* T 1 r* 1 1

In the solution, we used the trigonometric identity:

cos (nZt + %) = % [cos (nt + g) + 1]

1 Integration by parts: [ f'(x)g(x)dx = f(x)g(x) — [ f(x) g’ (x)dx




L) Example 4
Determine whether the signal x(t) = tu(t) is an energy signal, a power signal, or
neither.

Answer: The signal can be written as:
t<o0

0,
x() = {t, t>0
This is a causal signal with infinite duration and unbounded amplitude. Its energy is:

Exzf |x(t)|2dt=f t2dt
—00 0

(o]
f t?2dt =
0

but

so the signal is not an energy signal.

The average power is:
1 T
x Tg?o ZT_I-_Tlx(t)l dt
Since x(t) = 0 for t < 0, we obtain:

1 T
P. = lim — | t?dt
x T—oo T 0
We calculate:
T T3
f t?dt = —
0 3
hence:
T3 T?
P,=lim— —=lim—=o

T-02T 3 T-w 6

Thus, the average power is not finite, so the signal is not a power signal. Therefore, the
signal x(t) = tu(t) is neither an energy signal nor a power signal.

o Infinite duration alone is not sufficient to classify a signal as a power signal. If its
amplitude grows without bound, the criterion of finite average power may also
fail.

e Signals that are neither energy signals nor power signals are not uncommon. They
often occur in ideal mathematical models when a signal grows very rapidly.

e Despite the factor 1/2T in the definition of average power, the cubic growth of the
integral dominates, and the power becomes infinite.

e The form tu(t) is particularly useful because it also provides a simple
counterexample to the incorrect intuition that every causal signal of infinite
duration is a power signal.

2. Transformations of the Independent Variable

X Example 5
Calculate and sketch the signal y(t) = x(—t + 2), given that the signal x(t) is defined by:
_(t0<t<1
) = {0, otherwise

Answer: The signal y(t) clearly results from time reversal and a time shift, but it is not
immediately clear which transformation was applied first. It is also unclear whether the
time shift represents a delay or an advance.




Since the signal can be written as x(—t + 2) = x(—(t — 2)), it follows that the signal x(t)

was first delayed by two time units and then reversed in time.
x(t) y(t)=x(-t+2)

1.5 1.5
1 - 1} -
0.5¢ - 0.5¢ N -
0 0

-0.5 : ' : -0.5 : :
-1 0 1 2 3 -1 0 1 2 3

(a) Signal x(t), (b) Signal y(t) = x(—t + 2)

If we are unsure about the order of the transformations, the safest approach is to calculate
the values of the signal y(t) and then sketch it. We obtain:

t y(t) =x(—t+2)
1 x(3)=0
-0.5 x(2.5) =0

0 x(2) =0

1 x(1) =1

15 x(0.5) = 0.5
2 x(0)=0

Comment: The expression —t + 7 corresponds to time reversal and delay, whereas the
expression —t — 7 corresponds to time reversal and advance.

L) Example 6
Given the signal:
t+1, -1<t<0

1, 0<t<l1
=97t 1<t<2
0, otherwise

Calculate the signal y(t) = x(2 — 3t) and determine the sequence of transformations
required to obtain it from x(t).

Answer: To determine the order of the transformations, we rewrite the expression y(t) =

x(2 —3t) as:
b0 =x[-5(e-)

The correct interpretation is therefore: (a) reverse x(t) in time about t = 0, (b) compress
time by a factor of 3, and (c) apply a time delay of 2/3. To derive y(t) analytically, sett =
2 — 3t and determine the values of t for which 7 lies in the intervals defining x (7).

e For—1<171<0,weobtain:
-1<2-3t<0

The left inequality gives t < 1, while the right inequality gives t > 2/3. Thus:

2 <t<1
3 <
Therefore:
y)=t+1=02-3t)+1=3-3t



e For0 <7< 1,we obtain:

0<2-3t<1
hence
1 <t< 2
3 -3
Therefore:
y@®) =1
e Forl <7< 2, we obtain:
1<2-3t<?2
hence
0<t< !
- 73
Therefore:

yt)=2—-1=2—-(2-3t) =3t
Finally:

3t, 0<t<1/3
B 1/3<t<2/3
YO =333 2/3<t=<1
0, otherwise

The signal is a copy of the original, compressed in time by a factor of 3, reversed in time,
and shifted to occupy the interval [0,1].
Signal y(;)

) Signal x(t)

Amplitude
Amplitude

Time t Time t

(a) Signal x(t), (b) Signal y(t)

e This example shows that the expression x(at + b) should not be split into scaling and
shifting operations before it has been rearranged algebraically. The form x[—3(t —

2/3)] reveals the correct sequence of operations.
e A negative coefficient of t indicates time reversal, while the value |a| = 3 requires

time compression by a factor of 3.
e Using inequalities to determine the defining intervals is a reliable general method,

especially for piecewise-defined signals.



3. Types of Continuous-Time Signals

L Example 7
For the signal x(t) = cos(2rmt + 6), —o0 < t < 400, determine the values of 8 for which
the signal x(t) has even and odd symmetry, respectively.

Answer: An even signal satisfies x(—t) = x(t). Therefore, the given signal must satisfy:
cos(2mt + 0) = cos(—2mt + 6) = cos(2mt — 6)
Thus, we require 8 = —6, namely 8 = 0 or 8 = m, giving:

x1(t) = cos(2mt) or cos(2mt + m) = — cos(2m).
Indeed, the cosine is an even signal.

For the signal to be odd, we require x(—t) = —x(t). Therefore:

cos(2nt + ) = —cos(—2nt + ) = cos(—2nt + 6 + ) = cos(2mt — 6 F )
Thus, we require 8 = —6 + m, namely 6 = + % giving:
x,(t) = cos (2nt — %) = sin(2mt) and cos (2nt + g) = —sin(2nt).

Indeed, the sine is an odd signal.

When 6 = 1 /4, the signal cos(2nt 4+ m/4) is neither even nor odd.

L Example 8

Determine whether the following signals have even symmetry, odd symmetry, or neither:
(@) x(t) = 4t (b) x(t) = eIt
(©) x(t) = sin(2t) (d) x(t) = sin(2t — /2)

Answer: (a) We have x(—t) = 4(t) = —4t = —x(t), so itis an odd function.
(b) We have x(—t) = e”I"tl = e~ ltl = x(¢t), so it is an even function.
(c) We have x(—t) = sin(2(—t)) = —sin(2t) = —x(t), so it is an odd function.

(d) We have x(t) = sin (Zt — g) = — cos(2t) and also x(—t) = sin (—Zt — g) =

—sin (Zt + g) = —cos(2t) = x(t), so itis an even function.

L Example 9
Examine the following signals for periodicity and calculate the fundamental period T, of
each:

(@) x(t) = 3 cos(5t +m/4) (b) x(t) = 2e/@t-D

Answer: By definition, a signal is periodic if x(t + T) = x(t) holds for every time t, where
T is a positive number.

We therefore need to determine whether there is a positive number T for which this
relation holds. For (a), we obtain:

x(t+T) = x(t):>3cos(5t+5T+%)=3cos(5t+%)

We know that if cos¢ = cosé, then ¢ + 8 = 2kn. Therefore:




St4+5T+5) 4+ (5645 = 2km o T = 20 _ g o T
4 4 5 10
or
@t+5T+%)—@t+%)=2mn:T=E?f

The signal is periodic, with fundamental period (for k=1)
Ty, = 2m/5 and fundamental frequency f, = 5/2mx.
(b) Proceeding similarly, we obtain:

x(t+T) = x(t) = 2e/THT-1) = 2pi(nt=1)
— ZejnTej(nt—l) — zej(nt—l) N ejnT =1
= cos(niT) + jsin(nT) = 1= aT = 2knr = T = 2k

The signal is periodic, with fundamental period T, = 2 and fundamental frequency f, =
1/2.

L) Example 10
(a) Determine whether the signal y(t) = x(2t) is periodic, where x(t) is given by:

x(t) = cos(2t) + sin(5t)

(b) If it is periodic, determine its fundamental period.

Answer: (a) Substituting t = 2t, we obtain:
y(t) = cos(4t) + sin(10¢t)

The new signal is therefore the sum of two sinusoids, with angular frequencies 02, = 4
and 2, = 10. Their respective periods are:
I — 2n mw T — 2w
T T 2710 5

The ratio of the periods is rational:

T, mw/2 5

T, m/5 2
Therefore, y(t) is periodic.
(b) To determine the fundamental period, set:

Ty = kg = eyt
o=k =k
that is:
5k1 = 2k2

The smallest solution is k; = 2 and k, = 5, giving:

To=m

o The original signal x(t) = cos(2t) + sin(5t) is also periodic, with fundamental
period 2m. As expected, time compression by a factor of 2 has halved the period.

e Time scaling directly affects the angular frequencies and, therefore, the periods of
a signal's components. It changes both the signal's form and the fundamental
properties of its periodicity.

e The substitution t = 2t doubles the frequencies and halves the periods. This
inverse relationship between time and frequency is fundamental and will reappear
later in Fourier theory and sampling.

Note: Examples marked with an asterisk (*) also appear in the lecture slides.



